Abstract. We give a simple constructive proof of Merckel's lemma (used in the theory of p-adic elds).
Introduction
Given an in nite eld k and a rational function '(X) 2 k(X) whose derivative is nonzero, Merckel's lemma says that X belongs to the eld generated by k and all nite elements '( (X)) for (X) 2 k(X). An easy consequence is that, if k is an in nite sub eld of a eld K, then k('(K)) = K.
This result is used in the theory of p-adic elds 2] . In section 6, the authors consider a p-valued eld k, with a prime element. If the residue eld k has q elements, given two positive integers e and f, the -adic Kochen operator over k of type (e; f) is de ned by (X) = 1 X q ? X (X q ? X) 2 ? 1 e : Let S be the ring of integers in k. When K is an extension of k, the -Kochen ring R is de ned as the ring of quotients of the form b 1+ c where b; c 2 S (K)] and 1 + c 6 = 0. The quotient eld of the Kochen ring is k( (K)) and it is important to be able to assert that this quotient eld is in fact equal to K.
An abstract proof of Merckel's lemma is given in an appendix p. 153{158 of 2]. We give here a simple proof which allows to compute an explicit formula for any '.
Some easy particular cases
We call the operator on k(X) de ned by ( (X)) = (X + 1) ? (X) and we de ne, for any natural integer i, i as (i times). It is clear that i ( ) is a Z-linear combination of the elements (X + j) for j = 0; : : : ; i. (this is the one given in the introduction when q = p and e = 1). We can replace X p ? X by A p (X) = X(X + 1) (X + p ? 1). We get an operator~ (X) playing the same role as the Kochen operator for the theory of p-adic elds.
We show how to express X as an explicit rational function of the~ (X + j)'s for j = 0; 1; : : : ; p.
We have (X) := 1
Then we remark that
So we get
is a polynomial of degree 2p and it su ces to apply lemma 2.1.
Basic results on rational functions
We recall some well known results, with constructive proofs. See e.g., 1] chapter VI lemma 2.8 and theorem 2.9 or 3] theorem 12.14. Given a rational function '(X) = P(X) Q(X) with polynomials P and Q coprime, the degree of ' is by de nition the integer max(deg(P); deg(Q)). The following results are well known. Finally we recall the constructive version of L uroth's theorem.
Theorem 3.6 Let k be a eld, K = k(X), '; 2 K. Then one can compute 2 K such that k( ) = k('; ).
Proof The meaning of "one can compute" is that we give an algorithm computing from the coe cients c i of ' and with only rational computations (i.e.,
we use only the knowledge of vanishing or nonvanishing of some Z-polynomials in the c i 's arising in the algorithm.) Let d be the degree of '. We compute the minimum polynomial S(T) of over L = k(') (inside the L-algebra K). strictly divides d 1 , or k(' 1 ; ' 1 (X + 1)) = k(X). In the second case we note that k(' 1 ; ' 1 (X +1)) = k('; '(rX); '(X +1); '(rX +r)). In the rst case we note that k(' 2 ) = k('; '(rX); '(r 2 X)). So the proof is easily nished by induction on the number m.
Remarks 1) When k is a nite eld with q elements, the previous proofs works if q > d + 1 : in lemma 4.3 we have to choose an element r 2 k that is not an n-th root of unity for any n d.
2) The following result is also an easy consequence of corollary 3.3, lemma 4.3 and L uroth's theorem : the elds containing k and setwise xed by Aut k (k(X)) are exactly k, k(X) and, in case of characteristic p > 0, the elds k(X p n ).
